ROTATIONAL SYMMETRY OF SELF-SIMILAR 
SOLUTIONS TO THE RICCI FLOW 
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o" 

■ Abstract. Let (M, g) be a three-dimensional steady gradient Ricci 
' soliton which is «:-noncollapsed and non-fiat. We prove that {M,g) is 
, isometric to the Bryant soliton up to scaling. This answers a question 

■ mentioned in Perelman's first paper 18 . 

a^: 

O: 
^" 

■ Self-similar solutions play a central role in the study of the Ricci flow, and 
have been studied extensively in connection with singularity formation; see 
e.g. the work of R. Hamilton [12] and G. Perelman [18], [19], [20]. There are 

. three basic types of self-similar solutions, which are referred to as shrinking 

J> I solitons; steady solitons; and expanding solitons. A steady Ricci soliton 

^ ■ (M, g) is characterized by the fact that Ric = ^ J^x{g) for some vector field 

. X. If the vector field X is the gradient of a function, we say that {M,g) is 

a steady gradient Ricci soliton. 
. The simplest example of a steady Ricci soliton is the cigar soliton in di- 

C3 I mension 2, which was found by Hamilton (cf. |12j). R. Bryant [3j has discov- 

■ ered a steady Ricci soliton in dimension 3, which is rotationally symmetric. 
Moreover, Bryant showed that there are no other steady Ricci solitons in 
dimension 3 which are rotationally symmetric. While additional examples 

^ ■ are known in higher dimensions (see e.g. [E]), the Bryant soliton is the 

^ . only known steady Ricci soliton in dimension 3. It is an interesting question 

whether any three-dimensional steady Ricci soliton is necessarily rotation- 
ally symmetric. Perelman mentions this problem in his first paper (see [18j, 
p. 32), but does not indicate an outline of a possible proof. We note that 
several authors have obtained uniqueness results for the Bryant soliton and 
its higher dimensional counterparts under various additional assumptions. 
We refer to [1], [5], [6], and [1] for details. 

In this paper, we prove the uniqueness of the Bryant soliton under a 
noncollapsing assumption: 

Theorem 1.1. Let {M,g) be a three-dimensional complete steady gradient 
Ricci soliton which is K-noncollapsed and non-flat. Then {M,g) is rota- 
tionally symmetric, and is therefore isometric to the Bryant soliton up to 
scaling. 
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We now outline the main steps involved in the proof of Theorem 11.11 We 
will assume throughout that (M, g) is a three-dimensional complete steady 
gradient Ricci soliton which is K-noncollapsed and non-flat. It follows from 
Theorem 1.3 in ^26j that {M,g) has positive scalar curvature. We may write 
Ric = D^f for some real- valued function /. It is well known that the sum 
R + |V/p is constant. By scaling, we may assume that R + |V/p = 1. 
For abbreviation, we put X = V/. Moreover, we denote by the one- 
parameter group of diffeomorphisms generated by the vector field —X. Since 
|V/| < 1, the flow $f exists for all t E R, and the metrics ^tid) evolve by the 
Ricci flow. Using the local version of the Hamilton-Ivey pinching estimate 
established by B.L. Chen, we conclude that {M,g) has nonnegative sectional 
curvature (see [7J, Corollary 2.4). Since i? < 1, it follows that {M,g) has 
bounded curvature. Since {M,g) is K-noncollapsed and has positive scalar 
curvature, {M,g) cannot split off a line. Consequently, {M,g) has strictly 
positive sectional curvature. In particular, the function / is strictly convex. 
Without loss of generality, we may assume that inf m f > 1. 

In Section [2l we analyze the asymptotic geometry of (M, ^f) . It follows 
from work of Perelman |18] that the asymptotic shrinking soliton associated 
with (M, g) is a cylinder. This fact plays a fundamental role in our analysis. 
Moreover, we show that the restriction of the scalar curvature to the level 
surface {/ = r} satisfies R = ^ + 0(r~i). As a consequence, the intrinsic 

Gaussian curvature of the level surface {/ = r} equals ^ -|- 0{r~i). This 
can be viewed as a roundness estimate for the level surface {/ = r}. 

In Section [3l we construct a collection of approximate Killing vector fields 
near infinity. More precisely, we construct three vector fields Ui,U2, U3 such 
that \Sfua{9)\ < 0(r-^^) and \AUa + DxUa\ < 0(r-^-2=) for some smaU 
number e > 0. Moreover, we we show that the vector fields Ui,U2, U3 satisfy 
\Ua\ < 0{A) and 

/ {Ua,Ub) =r^6ab + 0{r^-^') 

J{f=r} 

if r is sufficiently large. 

In Section HI we consider a vector field W which satisfies the elliptic 
equation AW + DxW = 0. We then consider the Lie derivative h = ^w{g)- 
We show that this tensor satisfies the Lichnerowicz- type equation 

(1) Ai/i + ^x(/i) = 0, 

where A^ denotes the Lichnerowicz Laplacian, i.e. 

ALhik = Ahik + 2 Riju - Ric - hki - Ricj, hu. 

In Section [5l we assume that a vector field Q satisfying \Q\ < 0(r^2^2^) 
is given. We then construct a vector field V such that AV + DxV = Q 
and \V\ < 0(r~2~^). In order to construct the vector field V, we solve the 
Dirichlet problem on a sequence of domains which exhaust M. In order to 
be able to pass to the limit, we need uniform estimates for solutions of the 
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equation AV + DxV = Q. These estimates are established using a dehcate 
blow-down analysis; see Propositions 15.2 1 and 15.3] below. 

In Section [6l we consider a symmetric (0, 2)-tensor h which solves the 
equation ([T]) and satisfies \h\ < 0{r~^) at infinity. Note that such a tensor h 
need not vanish identically. Indeed, the Ricci tensor of (M, g) is a non-trivial 
solution of the equation ([T]), which falls off like at infinity. However, 
we are able to show that any solution of ([T]) with \h\ < 0{r~^) is of the 
form h = \ Ric for some constant A E M; see Theorem 16.21 below. The 
proof of Theorem 16.21 again relies on a blow-down argument. We also use an 
inequality due to G. Anderson and B. Chow [Tj for solutions of the parabolic 
Lichnerowicz equation. Related ideas were used in earlier work of M. Gursky 
[IDJ and R. Hamilton [n]. 

Finally, in Section[71 we establish a crucial symmetry principle. To explain 
this, suppose that C/ is a vector field on {M,g) such that \ J^'u{g)\ < 0{r~'^^) 
and \AU + DxU\ < 0(r~2~^^) for some small constant e > 0. Using the 
results in Section [5l we can find a vector field V such that AV + DxV = 
AU + DxU and \V\ < 0(r"i"=). Therefore, the vector field W = U -V 
satisfies AW + DxW = 0. Consequently, the Lie derivative h = ^wid) is 
a solution of the equation ([T]). Moreover, we can show that \h\ < 0{r~^) at 
infinity. Thus, h = A Ric for some constant A G M. From this, we deduce 
that the vector field U := W - ^XX is a Killing vector field. Moreover, 
the Killing vector field U agrees with the original vector field U up to terms 
of order 0(r2~^). Applying this symmetry principle to the approximate 
Killing vector fields Ui,U2,Us constructed in Section [3l we obtain three 
exact Killing vector fields Ui,U2,U3 on {M,g) satisfying \Ua\ < 0{r^) and 



if r is sufficiently large. 

Finally, we mention some related results. Our method of proof is inspired 
in part by the beautiful work of L. Simon and B. Solomon on the uniqueness 
of minimal hyper surf aces in R""'"^ which are asymptotic to a given cone at 
infinity (cf. [21j, [22j). X.J. Wang [2_5j has obtained a uniqueness theorem 
for convex translating solutions to the mean curvature flow in M^. Finally, 
the uniqueness problem for the Bryant soliton shares some common features 
with the black hole uniqueness theorems in general relativity (see e.g. |13j . 
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2. The asymptotic geometry of (M, g) 

In this section, we analyze the asymptotic geometry of (M, g) near infinity. 
The following result was established by H. Guo [9|: 

Proposition 2.1 (H. Guo [9j). Fix a point xq S M. The function f satisfies 
f{x) = (1 + o{l)) d{xo, x) as X ^ oo. Moreover, we have infj\,//i? > and 
supM f R < oo. 

The following theorem was established by Perelman: 

Theorem 2.2 (G. Perelman [18], [H]). Consider a sequence of real num- 
bers 

i"m ^ and a sequence of marked points pm such that fipm) — '^m- 
Moreover, let 

5('")(t)=r-icl,;^,(5). 

As m ^ oo, the flows {M,g^"'^t) iPm) converge in the Cheeger-Gromov 
sense to a family of shrinking cylinders {S'^ x'R,g{t)), t £ (0, 1). The metric 
'g{t) is given by 

(2) g{t) = (2 - 2t) gs2 + dz ® dz, 

where 1752 denotes the standard metric on S'^ with constant Gaussian cur- 

1 

vature 1 . Furthermore, the rescaled vector fields r^ X converge to the axial 
vector field on S"^ x M. 

Proof. It follows from Proposition 11.2 in |18j and Lemma 1.2 in |19j 
that the flows {M,g^'^\t),pm) converge in the Cheeger-Gromov sense to a 
family of round cylinders (S^ x R,^(t)), t G (0, 1), which evolve by the Ricci 
flow. By Proposition l2.lt the scalar curvature of ^(t) satisfles 



l-t- '''' - 1-t 
for all t G (0,1), where ci and C2 are positive constants. From this, we 
deduce that Rg(t) = This shows that 

g[t) = (2 - 2t) gs2 +dz0 dz, 

where denotes the standard metric on S'^ with constant Gaussian curva- 

1 

ture 1. Finally, the rescaled vector flelds r^X converge to a smooth vector 
field X on X M. It is easy to see that the vector field X is parallel with 
respect to the metric 'g{t) for each t £ (0, 1). Moreover, = 1 for each 

t £ (0, 1). Thus, X can be identified with the axial vector field ^ on S*^ x R. 

Corollary 2.3. We have f R = I + o(l) as x 00. 

In the remainder of this section, we establish a roundness estimate for the 
level surfaces {/ = r}. The proof of this estimate requires several lemmata. 

Lemma 2.4. We have 

2Ric(V/, V/) = -{X,VR) = 0(r-2). 
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Proof. We have 

2 Ric(V/, V/) = -(X, VR) = AR + 2 |Ric|2 = 0{r-^), 
as claimed. 

Lemma 2.5. The mean curvature of the level surface {/ = r} equals ^^-y-^. 
Proof. The mean curvature of the level surface {/ = r} is given by 

H = ^^R-j^mcivf,vf). 

Hence, the assertion follows from Corollarv 12.31 and Lemma |2.4[ 

Lemma 2.6. The tensor T = 2Ric- Rg + Rdf ®df satisfies \T\ < 0(r"i) 
and \DT\ < 0{r~'^). 

Proof. In dimension 3, the Riemann curvature tensor can be written in 
the form 

Rijki = Ricjfc gji - Ricii Qjk - Ricjjfc gu + Ricjj gik 
~ 2^ ^^^^ ~ 

This implies 

DiRicjk — DjRicik = Rijki f 

= Ricjfc Djf - Ricjfc Dif 

- ^ (DjR + R Djf) gik + \ {D,R + RDJ) g^^, 

hence 

2 (ARiCjfc - DjRicik) D^f 

(3) = r,fc I V/|2 - {VR, Vf) to + R^ D,f Dkf 
+ D,RDkf + DkRDif. 

By Shi's estimate, the covariant derivatives of the curvature tensor are 
bounded by 0(r^2). Consequently, the identity ([3]) implies that \T\ < 
0(r^2). Moreover, if we differentiate ([3]), we obtain \DT\ < 0{r^^). 

Lemma 2.7. We have 

\{X,VR) + AsR + R^\ <0(r-i), 
where As denotes the Laplacian on the level surface {f = r}. 
Proof. Recall that 

(4) - (X,Vi?) = Ai? + 2|Ricp. 
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Differentiating dH), we obtain 

-{D^R){X, X) - {DxX, VR) = {X, V{AR + 2 |Ric|2)). 
Since VR = —2DxX, it follows that 

-{D^R){X,X) = \VRf + (X,V(Ai? + 2|Ricp)). 

Using Shi's estimates, we obtain \VR\^ < 0{r-^) and |V(Ai? + 2 iRicp)! < 
0(r~2). Consequently, we have 

(5) \{D'R){X,X)\<0{r-l). 
Moreover, it follows from Lemma 12.41 and Lemma 12.51 that 

(6) \H{X,VR)\<0{r-^). 
Combining ([5]) and ([6]) gives 

\AR-A^R\ < O(r-t). 
Substituting this into we obtain 

|Asi? + (X,Vi?) + 2|Ricp| < O(r-t). 
On the other hand, it follows from Lemma 12.61 that 

2|Ric| = \R{g-df (S)df )\+0{r'l) = V2R + 0{r-l). 
Putting these facts together, the assertion follows. 

We next establish a Poincare-type inequality for the restriction of the 
scalar curvature to a level surface {f = r}. Our argument uses the Kazdan- 
Warner identity (cf. [17J), and is inspired in part by work of M. Struwe 
on the Calabi flow on the two-sphere (cf. [23], p. 263). In the sequel, we 
denote by ;u(r) the mean value of the scalar curvature over the level surface 
{/ = r}, so that 

[ (i?-MO) = o. 

■J{f=r} 

Note that /i(r) = by Corollary ESI 

Lemma 2.8. We have 

[ \V^R\'>^([ iR-^,ir))A-0{r-^) 

J{f=r} r \J{f=r} J 

if r is sufficiently large. 

Proof. Let us fix r sufficiently large. Let = z^o < ^^i ^ ^^2 ^ ^^3 ^ • ■ ■ 
denote the eigenvalues of the Laplace operator on the level surface {f = r}, 
and let Vo; V'l; ^^2, V'S; • • • denote the associated eigenfunctions. We assume 
that the eigenfunctions are normalized so that ^'^^ each j. 

When r is large, the surface {/ = r} equipped with the rescaled metric ^ g 
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is C°° close to the standard two-sphere with constant Gaussian curvature 1. 

^ l+o{l) l+o(l) 1+0(1) J 3+0(1) 

Consequently, i^i = — U2 = — = — r^, and 2/4 = — 

Let K denote the intrinsic Gaussian curvature of the level surface {/ = r}. 
Using the Gauss equations, we obtain 



2K = 2 i2(ei, 62, 61,62) + 0(r-2) = R 



|V/|' 



■Ric(V/, V/) + 0(r- 



Using Lemma 12.41 we conclude that \2K — R\ < 0{r ^), hence 



{2K-Ry\ <0{r 



{f=r} 

On the other hand, it follows from the Kazdan- Warner identity (see [17| . 
Theorem 8.8) that 



3 

E 

i=i 



{f=r} 



{2K-,,{r))^, 



<o{l) 



i2K-f,ir)f 



Putting these facts together, we obtain 
3 

U J{f=r} 

Thus, we conclude that 



{f=r} 



{R-^i{r)Y] +0{r 



{f=r} 
00 

o 3 



{f=r} 



(R-Kr)? 



{f=r} 



> 



E 

i=i 



{f=r} 



'{f=r} 

Since 1^4 = '^"^"^^^ , the assertion follows. 

We now prove the crucial roundness estimate. 
Proposition 2.9. VFe have 

{R-fi{r)f < 0{r-^) 



{f=r} 



if r is sufficiently large. 
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Proof. By definition of /x(r), we have J^j^^-yiR — fJ-ir)) = 0. This implies 



d_ 

dr 



{f=r} 



J{f=r} V \X\^ J 

J{f=r} ^1^1 ^ J{/=r} 

2/ |V^i?|2- / (2i? + 2/x(r) - i7) (i? - /x(r))2 



'{/=r}' ^ 1^1 

It follows from Lemma l2^ that 



+ 2 / (R-^,(r)){'-^^^ + A^R + R' 



[ \V^R\^ >^-( [ 

J{f=r} ^ \J{1 



{R-^{r)f\-0{T-^). 

'{/=r} I- \J{f=r} J 

Moreover, we have 2R + 2fx{r) -H = ^±^. Finally, we have 



5 , 



|X|2 - ^ ■ ^ - ) 

by Lemma 12.71 Putting these facts together, we obtain 



O(r-t) / \R-Kr) 
J{f=r} 

0(r-4). 



Using Young's inequality, we conclude that 

d 
dr 



(R - fi{r)Y > -0{r^^) vol({/ = r}) - ©(r"*) 

{f=r} J 

> -0(r-3). 

Clearly, 

{R- fi{r)f 



'{f=r} 

as r — )■ 00. Putting these facts together, we obtain 



{R-Kr)f<0{r~^), 

{f=r} 



as claimed. 
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Corollary 2.10. We have 

sup |i? — /i(r)| < 0(r~4), 

{f=r} 

sup \V^R\ < O(r-i), 

{f=r} 

sup |Asi?| < 0{r~'i). 

{f=r} 

Proof. By Proposition 12.91 we have 

{R-Hir)f < 0{r-^). 



'{/=r-} 

Moreover, it follows from Shi's estimates that 

sup \D^R\ < C(l)r 



1+2 
2 . 



Hence, the assertion follows from standard interpolation inequalities. 

With the aid of Corollary 12.101 we can improve Corollary 12.31 as follows: 
Proposition 2.11. We have \V R\ < 0{r~i) and f R = I + 0{r~\). 

Proof. Using the estimates |V^i?| < 0(r"i) and |(X,Vi?)| < 0{r-'^), 

7 

we obtain \VR\ < 0{r~i). This proves the first statement. 

We now describe the proof of the second statement. By Corollarv 12.101 
we have |As-R| < 0{r~i). Hence, Lemma 12.71 implies 

\{X,VR) + R^\ < O(r-I). 
From this, we deduce that 

(^'^(^ = ^^'^^^ - |V/p = 1 - |V/|2 + O(r-i) = 0{r'i). 

Integrating this relation along the integral curves of X gives 



From this, the assertion follows. 



Corollary 2.12. The mean curvature of the level surface {/ = r} is given by 
^ + 0{r~i). Moreover, the intrinsic Gaussian curvature of the level surface 
{/ = 1^} is given by + 0{r~^). 
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3. Existence of approximate Killing vector fields near infinity 

In this section, we shall construct a collection of approximate Killing 
vector fields near infinity. Throughout this section, we fix a small number 
e > 0. For example, e = will work. Moreover, we define pm = 2™, 

= {/ = Pm}, and Vtrri = {Pm < f < ^Pm} ■ 

Proposition 3.1. Ifm is large enough, we can find vector fields u["^\ u!f^^ 
which are tangential to the surface and satisfy the following properties: 

(i) The covariant derivatives of Ua^^ satisfy 

sup|D^C/i™)| <C{l)p^ 

for a G {1, 2, 3} and / = 0, 1, 2, . . . . Here, D^, denotes the Levi-Civita 
connection on Tim- 

(ii) // {61,62} is a local orthonormal frame on S^, then 

mv!r\e,) + {D,Vlr\e,)\ < Oip~^n- 

(iii) We have 

{uir\uir^) = pi5a,+o{pi;'% 

Proof. Let us consider the surface equipped with the rescaled metric 

2^ g- By Corollary 12.121 the intrinsic Gaussian curvature of the surface 

_ 1 

(Sm, 2p^ s) given by 1 + 0{pm^)- Moreover, we have uniform bounds for 
the derivatives of the Gaussian curvature of (S^, 2p~ 9)- Consequently, we 
can find a Riemannian metric 7^ on such that ($]m,7m,) has constant 
Gaussian curvature 1 and 



1 , 

7m - 7. 9\T.r, 

■^Pm 



SincG the surface (X]^, 

7m,) is isometric to the standard two-sphere, we can 
find vector fields u["^^ , 1/2^^ , C/g™"^ on such that 

^ a 

and 

{u!r\ul"'^),^dvoi,^ = \6ab. 

It is easy to see that the vector fields fj-l™"^ , , f/g"^^ have all the required 
properties. 

In the next step, we extend the vector fields , , u!f^^ to the region 
Qm by requiring that 

[ui^\x] = o 

for each a G {1, 2, 3}. 
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Proposition 3.2. The vector fields ?7-[™\ iJg™^ C/g™'^ satisfy the following 
properties: 



(i) sup^„|i?'?7i™)| <C(/)p™^ . 

(ii) supf,^ \^ ,^,ig)\<0{p-^^). 

^ a 

(iii) supn^ \Aujr^ + Z)xf/i"^| < Oip^J-^'). 

(iv) ,npn^\{u!i^\x)\<0{l). 

(v) We have 

J{f=r} 

for all r £ [pmAPm]- 
Proof, (i) Let g{t) = ^t{g). It follows from Shi's estimates that 



sup sup |Z)^(j)RiCg(j)|g(t) < C(/)p. 

te[-4pm,0] {p■m-y^fh^<f<Pm + ^/p^} 



1+2 
2 

m ; 



where Dg(^^-j denotes the Levi-Civita comiection with respect to the metric 
g{t). Using results from Appendix A of we obtain uniform bounds for 
the covariant derivatives of g{t) with respect to the fixed metric g. More 
precisely, we have 



sup sup \D^9it)\ < C{l)p^ 



I 

2 

m ) 



where D denotes the Levi-Civita connection of {M,g). Moreover, we have 



sup\D'ut^\<C{l)p'S 



by definition of the vector field C/i™^ . Putting these facts together, we obtain 



sup snp\D^g^,^Ujr^\<C{l)pm' 



Since = ui™'\ we conclude that 



i-i 

sup sup \U'U^-'\ S U[l)prr? 



\D^Uj^'^) \ < C{l)p, 

ie[-4p™,0] *t(S 



From this, the assertion follows easily. 

(ii) Let {61,62} be a local orthonormal frame Oil . By definitioii of 
we have 

{D,^Ut\e,) + {D,^Ut\e,) = 0{p;^'n, 

{DxU!r\e,) + {D,vjr\x) = (D^(^)X,6,) - (C/i"\l?e,X) = 0, 
{DxUi^\x) = iif^,.)((X,X)) = -i {U^^\VR) = 0{p-^') 
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at each point on S^. Thus, we conclude that 

along Y^rn- Using the identity \U^a^\x] = 0, we obtain 

^x{^jjin.){g)) = = 2^^(„)(Ric) 

in r^m- As in Lemma 12.6^ we put T = 2 Ric — Rg + Rdf ® df . This gives 

^X{^^irn){g)) 
= ^^(rn) {R {g-df® df)) + if^(™, (T) 

= i? JSf^(™) (9 - d/ d/) + {Ulr^ , VR) {g-df® df) + if (T) 

in VLm. Since [C/i™\x] = 0, we have ^,jm){df) = {^^A^){g)){X,-). In 
particular, 

\^ ,r.,{g-df®df)\<C\^ ,^M\- 
By Proposition 12. IH we have 

\{ujr\vR)\<o{p-h 

in Qrn- Moreover, Lemma 12.61 imphes that 

1^ ,„)(r)| < |c/(")| IDTI + 2|r| \Dut^\ < o{p-J) 

^ a 

in Vtrn- Putting these facts together, we obtain 

\^x{^^(n.){g))\ < Cp;^^\^ (^M\+0{p~J), 

^ a ^ a 

hence 

|z)x(^^(,n)(<7))| < Cp;:^ ,^,{g)\ + o{p~J) 

in Q^rn- Integrating this inequality along the integral curves of X gives 

supl^ <0(/3-'^). 

o ^ 

(iii) Consider the tensor h!^^^ = ^jj{m){g). It follows from (i) and (ii) that 

sup|/ii-)|<0(p^^^) 

and 

sup|z)'/ii")| < c{i)p';}. 

Using standard interpolation inequalities, we conclude that 

Bnv\Dh^r\<0{p'J'^"). 

On the other hand, since we obtain 

div(4™)) - ^ V(tr /li'")) = AC/^") + Ric(C/i")) = AJ/^"^) + DxU^"'\ 
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Putting these facts together, the assertion follows. 

(iv) Note that {ui"'\x) = along S^. Using the identity [ui"'\x] = 0, 
we obtain 

^x{{ujr\x)) = 2mc{u!r\x) = -{u!r\vR) = o{p;^^) 

in n^a- Integrating this relation along the integral curves of X gives 

\{u^r\x)\<o{i) 

in Q.rn- 

(v) By Lemma [221 the tensor T = 2 Ric — Rg + Rdf ® df satisfies |r| < 
O(r-i). Using the identity [ulr\x] = [ul'^\x] = 0, we obtain 

= 2Ric([/i-),f/('")) 

= ^(™)) - {Ulr\x) {Ui'^\x)) + T{ulr\ui'^^) 

= R{uir\uir^)+o{p~h 

in Using Proposition 12.111 we obtain 

^x{{uir\ut^)) = J {uir\uir^) + o{p-J) 

in VLm- By Corollary 12. 12^ the mean curvature of the level surface {/ = r} 
equals ^ + 0{r~i). Thus, we conclude that 




for all r G [pmAPm]- Since 

/ {ulr\ui'^^) = pl6a, + 0{p'-'% 

-'{f=Pm} 

it follows that 

J{f=r} 

for all r G [pmAPm]- 
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Proposition 3.3. We can find vector fields Ui,U2,U3 on {M,g) such that 

\^Ua{9)\ < 0{r~'^^) and \MJa + DxUa\ < 0{r~^~'^^). Moreover, we have 
\Ua\ < 0(r2) and 

[ {Ua,Ub) =r^6ab + 0{r^-^') 

J{f=r} 

if r is sufficiently large. 
Proof. We define 

3 

fAm) _Sr^ Am) jAm) 
— ^\b ' 
h=l 

where A^*") is a sequence of ortliogonal 3x3 matrices. Proceeding induc- 
tively, we can ctioose tiie matrices A^*") in sucli a way tliat 

(7) sup |?7i— i)-C/(™)|<0(pr'^). 

{/=Pm} 

Indeed, iiaving constructed A*^™~^\ Proposition 13. 21 guarantees the existence 
of an orthogonal 3x3 matrix A^™) such that ([7]) holds. Using the identity 

[C7i™-i),X] = [Ulr\x] = 0, we obtain 

<cp;^'\ujr-'^-u!r^\' 

in the region {pm < f < "^Pm}- Integrating this inequality along the integral 
curves of X gives 

sup |C/i'--i)-?7i™)| <0(pi"''). 

{Pm<f<2pm} 

We now fix a smooth cutoff function ^ : M — J- R satisfying C(s) = 1 for s < | 
and (^(s) = for s > |. We define vector fields Ui,U2,U3 by 

Ua = u!r^ + c{p;n'f)iu!r~'^-u!r^) 

in the region {pm < / < 2/3^}- It follows from Proposition 13.21 that the 
vector fields Ui,U2,U^ have the required properties. 

We note that we have only defined the vector fields C/i, C/2, C/3 outside of 
a bounded region. Since we are only interested in the asymptotic behavior 
near infinity, we can extend the vector fields Ui,U2, U3 in an arbitrary way 
into the interior. 

4. A PDE FOR THE Lie derivative of a vector field 

In this section, we consider a vector field W satisfying AW + DxW = 0. 
Our goal is to derive an elliptic equation for the Lie derivative ^w{g)- 



SELF-SIMILAR SOLUTIONS TO THE RICCI FLOW 15 

Theorem 4.1. Suppose that W is a vector field satisfying AW + DxW = 0. 
Then the Lie derivative ^w{g) satisfies 

Proof. Let g{t) be a smooth one-parameter family of metrics with g{Q) = 
g. It fohows from Proposition 2.3.7 in |24] that 

(8) -2|-Ric„(t) = Ai/i-^z(<7), 



where h = ^g{t)\f^n and 



Z = div/i - ^ V(tr/i). 



Let us apply the formula ^ to the family of metrics obtained by pulling 
back g under the one-parameter group of diffeomorphisms generated by W . 
This gives 

(9) -2^i^(Ric) = AL/i-ifz(5), 

where h = (g) and 

Z = div/i- ^V(tr/i) = AW + mc{W). 

Using the relation AW + DxW = 0, we obtain 

Z = AW + DwX = -[X, W]. 
Substituting this identity into ([9]), we conclude that 

^L{-^w{g)) = -2^w{R^c) + ^z{g) 

= -^wi-^xig)) - ^[x,w]ig) 
= -^xi^wig)). 

This completes the proof. 

Applying Theorem 14.11 to the vector field X gives the following result: 

Proposition 4.2. The vector field X satisfies AX + DxX = 0. Moreover, 
the Ricci tensor satisfies 

AL(Ric) + =ifx(Ric) = 0. 

Proof. Let h = ^x{g) = 2Ric. The contracted second Bianchi identity 
implies that 

= div /i - ^ V(tr h) = AX + Ric(X) = AX + DxX. 

Using Theorem l4.lt we obtain 

Ai/i + ifx(/i) = 0, 

as claimed. 
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We note that the identity Ai(Ric) + ^x(Ric) = can alternatively be 
derived from the evolution equation for the Ricci tensor under the Ricci flow 
(see e.g. [2], Chapter 2). 

5. An elliptic PDE for vector fields 

Throughout this section, we fix a smooth vector field Q on M such that 
\Q\ < 0(r^2^2^). Q^j, ^^^^ -g construct a vector field y on M such that 
AV + DxV = Q and \V\ < 0{r^~'). 

Proposition 5.1. Let V be a smooth vector field satisfying AV + DxV = Q 
in the region {/</>}. Then 

sup \V\ < sup |y| + -Bpi-2£ 
{/<p} {f=p} 
for some uniform constant B > 1. 

Proof. It follows from Kato's inequality that 

A(|y|2) + (X,V(|y|2)) = 2|W|2 + 2(y,Q) 

>2|V|y||^-2|Q||y|. 

This implies 

A\V\ + {X,V\V\)>-\Q\ 

when V 0. Moreover, using the identity A/ + |V/p = 1 and the inequality 
/ > 1, we obtain 

A(/i-2^) + (X,V(/^2^)) 

>(i-2e) f-'^-'^-{\-4e^)f-'^-'^ 

By assumption, we can find a constant B > 1 such that 

|Q|<(l_2e)'i?/-|-2^ 

Putting these facts together, we obtain 

A{\V\+B f^-^") + {X,V{\V\ + 5/5-2^)) > 

when V ^ 0. Using the maximum principle, we conclude that 

sup (|y| < sup \V\ + B p^2''^^ . 
{f<p} {f=p} 
From this, the assertion follows. 

We now consider a sequence of real numbers pm — )• oo. Given any integer 
m, there exists a unique vector field V^"^'^ such that AV^"^^ + DxV^"^^ = Q 
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in the region {/ < pm} and V^™'^ = on the boundary {/ = Pm}- Moreover, 
we define 

^M(r) = inf sup IF^™) - AXl 

for r < Pm- 

Proposition 5.2. Let us fix t ^ (0, \ ) sufficiently small. Then we can find 
a real number pq and a positive integer ttiq such that 

2r-H^A("^)(rr) < ^(™)(r) + r^"^ 

for all r £ [pQ, pm] and all m > m^. 

Proof. Suppose that the assertion is false. After passing to a subsequence 
if necessary, we can find a sequence of real numbers < Pm such that 
— 5- oo and 

for all m. For each m, we choose a real number Am such that 
sup |y(™)-AmX| =A(™)(rm). 

{f=r,n} 

The vector field — Am X satisfies the equation 

A(yM -XmX) + DxiV^""^ -\mX)= Q. 
Using Proposition 15. H we obtain 

sup |y('")-AmX|< sup - AmX| +Sri"^^ 

{f<rm} {/=rm} 

Therefore, the vector field 

= — — - Am X) 

Ai"^){rm) + rl ' 

satisfies 

(10) sup \v^\<^!^::^M±i4^<B 

{f<r^} A(''^)irm)+rl' 

and 

inf sup |y('")-AX| = r— inf sup \V^"'^-XX\ 
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We next define 
and 

y(")(t)=ricl>;^,(y(™)). 

Since (M, g) is a steady Ricci soliton, the metrics g^"^^ (t) form a solution 
to the Ricci flow. Moreover, the vector fields V^"^\t) satisfy the parabolic 
equation 

= A^(„)(,)y + Ric^(„)(,)(y('")(t)) - 

where 

3 

Q^'^Ht) = — —^K^tiQ)- 

The inequality pO|) implies that 

limsup sup sup < ^ 

for any given 6 G (0, ^). Moreover, using the estimate \Q\ < 0(r"2-2e)^ 

we 

obtain 

limsup sup sup IQ*'™''(Olo('")(t) = 

for any given 5 G (0, |). 

We now pass to the limit as m — )• oo. To that end, we choose a se- 
quence of marked points pm G M such that f{pm) = Vm- The sequence 
{M , g^"^\t) , Pm) converges in the Cheeger-Gromov sense to a one-parameter 
family of shrinking cylinders {S'^ x R,g{t)), t G (0,1), where g{t) is given 

by ([2]) . The rescaled vector fields r|i X converge to the axial vector field ^ 
on X M. Finally, the vector fields V^"^\t) converge to a one-parameter 
family of vectors fields V{t), t G (0, 1), which satisfy the parabolic equation 

(12) ^F(t) = Ag^,)V{t) + Ric5(,)(F(t)). 

Using the identity 



we conclude that **(T^(t)) = V{t), where : 5^ x M ^ x R denotes 
the flow generated by the axial vector field — Hence, V{t) is invariant 
under translations along the axis of the cylinder. Using the estimate pop . 
we obtain 

(13) |F(t)|^(i)<i?, 



SELF-SIMILAR SOLUTIONS TO THE RICCI FLOW 



19 



where B is a, positive constant that does not depend on r. Finahy, the 
inequahty (fTTl) imphes 



inf sup 

'*r™(r-l)({/=T'-m}) 



1 1 r 

9('")(l-r) 2 



hence 
(14) 



inf sup 



V{1-t)-X 



d_ 

dz 



1 1 , 
gii-r) 2 



We will show that this situation leads to a contradiction, provided that we 
choose T sufficiently small. Since V{t) is invariant under translations along 
the axis of the cylinder, we may write 

m = m + v{t) ^ 

for t £ (0,1), where .^(t) is a vector field on and r/(t) is a real-valued 
function on S^. The parabolic equation (jl2p is equivalent to the following 
system of equations ^ and ry: 



(15) 
(16) 



d_ 

dt 



1 



2-2t 



dt'""' 2-2t 
Finally, the estimate (jl3p implies 

(17) 



(18) 



supie(t)i<,^2 <Li(i-t)- 

sup|7/(t)| < Li 

52 



for each t G (0, 1), where Li is a uniform constant that does not depend on 
r. 

Consider now the Laplacian on S^, acting on vector fields. It follows from 
Proposition I A. II that the first eigenvalue of this operator is at least 1. Using 
(fT5]) and (fT7|) . we conclude that 

(19) snv\m\gs2<L2 

for all t G [^5 1)) where L2 is a uniform constant that does not depend on r. 
Similarly, using ()16|) and (jlSp . we can show that 



inf sup|r?(t)-A|<, < L3 (1 - t) 



(20) 



for each t G [^) 1)) where L3 is a uniform constant that does not depend on 
r. Combining (jl9p and (j20p . we conclude that 



(21) 



— 9 
inf sup Vit) - A — < L4 (1 - t) 
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for each t G [2' 1)) where L4 is a uniform constant that does not depend on 
r. 

Hence, if we choose r > sufficiently small so that > 2L4, then the 
inequalities (jl4p and ()2ip are in contradiction. This completes the proof of 
Proposition 15.21 

Proposition 5.3. There exists a sequence of real numbers Am such that 
sup sup - A™X| < cx). 

{f<Prn} 

Proof. Let us fix r G (0, 5) sufficiently small so that the conclusion of 
Proposition 15.21 holds. Then we can find a real number pQ and a positive 
integer tuq such that 

2T"^+^yl("')(rr) < y4(™)(r) +r3-= 

for all r S [/Oo,p-m] and all m > mo. Moreover, Proposition 15.11 implies that 

sup A("^)(r)< sup \V\<Bpi~^'. 

pO<r<pm {f<Pm} 

Putting these facts together, we conclude that 

(22) sup sup r-H^^('")(r) < 00. 

m>mo PQ<r<pm 

We may assume that po is chosen large enough so that supjj^pjjj. \X\ > ^. 
We next choose a sequence of real numbers Am such that 

sup |y(™)-AmX|=A(-)(po). 
{/=P0} 

Applying Proposition 15.11 to the vector field —XX, we obtain 
sup |f('")-AX|< sup ly^™) - AX| +Sr3-2= 

{f=P0} {f=r} 

for all r G [/Oo,Pm] and all A G M. This implies 

sup - AmX| 

< sup iv^""^ - xx\ + \x- \^\ 

{f=r} 

< sup |y(™)-AX| + 2 sup |AX-Am^| 

{/=r} {/=P0} 

< sup |yM_AX|+2 sup jF^'") - AmX| + 2 sup |y("^)-AX| 

{/='^} {/=P0} {/=P0} 

<3 sup |y(™)-AX|+2 sup ly^"^) - AmX| +25rl-2^ 

{f=r} {f=P0} 
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for all r G [pQ, pm] and all A G M. Taking the infimum over A € M gives 
sup IV^""^ -XmX\ <3A("^)(r) + 2^(")(po) + 2Br5-2s 

{f=r} 

for all r G [pQ, pm]- Consequently, the inequality (j22|) implies 
sup sup sup r~^+^ \V^'^^ - XmX\ < oo. 

m>mo po<r<Pm {f=r} 

From this, the assertion follows easily. 

Theorem 5.4. There exists a some vector field V such that AV+DxV = Q 
and \V\ < 0(r^"^). Moreover, \DV\ < 0{r~'^). 

Proof. By Proposition 15.31 we can find a sequence of real numbers A^, 
such that 



in the region {/ < pm}- Hence, after passing to a subsequence if necessary, 
the vector fields F^"^) - A™ X converge to a smooth vector field V satisfying 
AV + DxV = Q and |y| < 0{r^-^). 

It remains to show that \DV\ < 0{r^^). In order to prove this, we use 
the standard interior regularity theory for parabolic equations. Consider a 



sup sup |yM - A„X| < oo. 




sequence r. 



oo, and let 




and 




Moreover, since \Q\ < 0(r 2 we have 




sup sup < 0(r^'^). 
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Using standard interior estimates for parabolic equations, we obtain 
sup |W(™)(0)|^(„)(o)<C7 sup sup 

{f=rm} te[-|,0] {r,n-y/r:^<f<r„i+y^} 

+ c sup sup \Q^'^Ht)ym)^,) 

t6[-|,0] {»'m-Vrvr</<rm+v^} 

< 0(r--). 

From this, we deduce that 



sup \DV\<0{r-n, 

{f=rm} 



as claimed. 



6. Analysis of the Lichnerowicz equation 
Proposition 6.1. Let h be a solution of the Lichnerowicz-type equation 

ALh + ^xih) =0 
on the region {/ < p}. Then 

\h\ \h\ 
sup — < sup — . 

{f<p} ^ {f=p} ^ 

Proof. By a result of Anderson and Chow [Ij, we have 

Hence, the assertion follows from the maximum principle. 

Theorem 6.2. Let h be a solution of the Lichnerowicz-type equation 

Ai/i + ifx(/i) = 0. 
such that \h\ < 0{r^^). Then h = ARic for some constant A G M. 
Proof. Let 

A(r) = inf sup — ARic|. 

AeM {/=r} 

Clearly, A{r) < supjj^^}. \h\ < 0{r^^). We consider two cases: 

Case 1: Suppose that there exists a sequence of real numbers — ^ oo 
such that A{rra) = for all m. For each m, we choose a real number Am 
such that 

sup \h — Xm Ric| = A{rm) = 0. 

{f=rrn} 

Applying Proposition 16.11 to the tensor h — Xm Ric, we obtain 

|/i-AmRic| ^ |/i-AmRic| 
sup < sup = 0. 

{f<rm} ^ {/=r™} ^ 
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Therefore, we have h — AmRic = in the region {/ < Tm}- Consequently, 
the sequence Am is constant and /i is a constant multiple of the Ricci tensor. 

Case 2: Suppose now that A{r) > when r is sufficiently large. Let us 
fix a small number r € (0, ^). Since A{r) < 0(r~^), we can find a sequence 
of real numbers rm ^ oo such that 

A{r^) <2t' A{Tr^) 

for all m. For each m, we choose a real number Am such that 

sup \h — Am Ric| = A{rm)- 

{f=rrn} 

The tensor 

/i^'") = ^7^(/^-AmRic) 
satisfies the Lichnerowicz-type equation 

Al/i^'") = 0. 

Using Proposition 16. H we obtain 

1 |/i-AmRic| 1 
sup < sup — — = -— - sup < sup - 

{/='•} ^ {f=r,n} ^ {/=r„} ^ {f=r^} ^ 

for r < Vm- From this, we deduce that 

(23) sup l/i^™)! <B—, 

{f=r} ^ 

where is a positive constant that does not depend on r. Finally, we have 
inf sup - ArmRicI = inf sup l/i^*") - ARic| 

^'^{/=rr„} ^(rm) AeR{j=^^„| 



(24) 

We now define 
and 



A{Tr, 



m ) 



A{rm) 
1 



- 2 



A(")(t)=r-i$:,^,(/i(™)). 

Since {M,g) is a steady Ricci soliton, the metrics g^^\t) evolve by the 
Ricci flow. Moreover, the tensors h^"^\t) satisfy the parabolic Lichnerowicz 
equation 



|/i(™)(t) = A^_^(™,(,)/.M(t). 



It follows from (1231) that 



limsup sup sup \h^"^\t)\~(m)u\ < oo 

m^oo t£[S,l-S] ^^<f<rm+S-^ v^} 
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for any given 5 G (0, ^). 

We next take the limit as m — )• oo. As above, we choose a sequence of 
marked points G M such that f{pm) = The sequence {M , g^"^\t) , pm) 
converges in the Cheeger-Gromov sense to a one-parameter family of shrink- 
ing cylinders (S'^xM,g(t)), t G (0, 1), where ^(t) is given by ([2]). The rescaled 
1 

vector fields Vm X converge to the axial vector field on S'^x M. Finally, the 

tensors h^"^\t) converge to a one-parameter family of tensors h{t), t G (0, 1), 
satisfying the parabolic Lichnerowicz equation 

(25) p^it) = ^Lr9{t)h{t)- 

Using the identity 



r. 

we obtain ^'*(7i(t)) = 7i(t), where : 5"^ x M 5^ x R denotes the flow 
generated by the axial vector field —■§^- In other words, h{t) is invariant 
under translations along the axis of the cylinder. Moreover, the estimate 
([23|) implies 



(26) \h{t)\g^,^<B{l-t)-\ 

where S is a positive constant that does not depend on r. Finally, the 
inequality (fMl) implies 



inf sup 

*'-™(T-l)({/=^''m}) 



/iM(l_^)_ARic 



•g(™)(l-r) 



g('")(l-r) 2 



-e 



hence 

^^"^^ IS ?P I '^^^ - r) - A Ric5(i_,) I > ^ r- 

We will show that this situation leads to a contradiction if we choose r 
sufficiently small. Since h{t) is invariant under translations along the axis 
of the cylinder, we may write 

h{t) = x{t) + dz0 cj{t) + a{t) 0dz + fi{t) dz dz 

for t G (0, 1), where x(i) is a symmetric (0, 2) tensor on 5*^, a{t) is a one-form 
on S'^, and /3(i) is a real- valued function on S'^. The parabolic Lichnerowicz 
equation (f25]) is equivalent to the following system of equations for x, f, and 
/3: 

(28) |x(t) = ^(A5^x(t)-4x(t)), 

(29) |-(^) = ^^^-(^)' 

(30) ^m = -^As2m- 
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Here, x(^) denotes the trace-free part of x(i) with respect to the standard 
metric on S"^. Finally, the estimate (I26p implies 



(31) SUp|x(t)|<;.2 <^^l, 

(32) sup|a(t)|3 <iVi(l-t)-5, 

52 

(33) sup|/3(t)| <iVi(l-t)-i 

52 

for each t G (0, 1), where A^i is a uniform constant that does not depend on 
r. 

Let us consider the operator x ^s'^X ~ ^x, acting on symmetric (0, 2)- 
tensors on S^. The first eigenvalue of this operator is equal to 0, and the 
associated eigenspace is spanned by gg2. Moreover, all other eigenvalues are 
at least 2 (cf. Proposition IA.2I below) . Hence, it follows from ([25]) and ([5T]) 
that 

(34) inf sup|x(t) - X9s^\9s2 < (1 - t) 

for all t G [^,1), where N2 is a uniform constant that does not depend on r. 
We next consider the Laplacian on S'^, acting on one- forms. By Proposition 
lA.H the first eigenvalue of this operator is at least 1. Using ([29]) and ([32|) . 
we deduce that 

(35) snp \a{t)\g <N3 {I- t)-2 

52 

for all t G [^,1), where is a uniform constant that does not depend on r. 
Finally, using ([50]) and ([55]) . we obtain 

(36) sup|/3(t)| < iV4 

52 

for all t G [^,1), where A'4 is a uniform constant that does not depend on r. 
Combining p4l) . (f35]l . and (p6]l . we conclude that 

(37) inf sup \h{t) - A Ric5(t) | < N5 

for each t G [^,1), where is a uniform constant that does not depend on 
r. 

Hence, if we choose r > sufficiently small so that > 2N^, then the 
inequalities ([271) and ([371) are in contradiction. This completes the proof of 
Theorem [621 



7. Proof of Theorem 11.11 

Combining Theorems 14.11 15.41 and 16.21 we obtain the following symmetry 
principle: 
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Theorem 7.1. Suppose that U is a vector field on {M,g) such that \^u{g)\ < 
0(r-2e) and \AU+DxU\ < 0(r~2-2£) 

some small constants > 0. Then 
there exists a vector field U on {M,g) such that ^^{g) = 0, [f/,^] = 0, 
{tj,X) = 0, and \ty -U\< 0(r^~^). 

Proof. By Theorem 15.41 we can find a smooth vector field V such that 

/W + DxV = AU + DxU 

and \V\ < 0(r 2~'=). Moreover, the covariant derivative of V satisfies \DV\ < 
0(r~^). We now define W = U — V and h = ^wio)- Since W satisfies the 
equation AW + DxW = 0, Theorem 14. 1 1 imphes that the tensor h satisfies 
the Lichnerowicz-type equation 

ALh + ^x{h) = 0. 

Moreover, \h\ < 0{r~^). Hence, it fohows from Theorem 16.21 that h = ARic 
for some constant A G M. Therefore, the vector field U := U — V — '^XXisa 
Killing vector field. The relation ^jj{g) = implies that AU + Ric({7) = 0. 
On the other hand, we have AU + DxU = by definition of V . Thus, we 
conclude that = Ric(?7) — DxU = 0. Finally, we have 

D\^^{f)) = ^fj{D^f) = l^^i^xig)) = \^x{^u{9)) = 0. 

Consequently, the function ^(j{f) = {U,X) is constant. Since X vanishes 
at the point where / attains its minimum, we conclude that the function 
{U,X) vanishes identically. This completes the proof of Theorem 17.11 

If we apply Theorem 17.11 to the vector fields Ui,U2-,U^ constructed in 
Proposition 13. 3|, we can draw the following conclusion: 

Corollary 7.2. We can find vector fields Ui,U2,U3 on {M,g) such that 
^(j^{g) = 0, [Ua,X] = 0, and {Ua,X) = 0. Moreover, we have \Ua\ < O(r^) 
and 

[ {Ua,Ub) = r^Sab + 0{r^-') 

J{f=r} 

if r is sufficiently large. 

Theorem 11.11 is a direct consequence of Corollarv l7.2i 

Appendix A. The eigenvalues of some elliptic operators on 5^ 

In this section, we collect some well-known results concerning the eigen- 
values of certain elliptic operators on 5^. In the following, gg2 will denote 
the standard metric on S"^ with constant Gaussian curvature 1. 

Proposition A.l. Let a he a one-form on 5^ satisfying 

As^a + ^ cr = 0, 
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where Ag2 denotes the rough Laplacian and n G (—00, 1) is a constant. Then 
= 0. 

Proof. We can find a real- valued function a and a two-form uj such that 
a = da + d*uj. Using the Bochner formula for one-forms, we obtain 

= Ag2a + /u fj 

= -dd*a - d*da + {fi + 1) a 

= -dd*da - d*dd*uj + + 1) {da + d*uj) 

= d{As2a + + l)a) + d*{As2U} + + l)a;). 

Consequently, the function Ag2a + (// + 1) a is constant, and the two-form 
A g2Uj + (/u + 1) a; is a constant multiple of the volume form. Since + 1 < 2, 
we conclude that a is constant and w is a constant multiple of the volume 
form. Thus, a = 0, as claimed. 

Proposition A. 2. Let x be a symmetric {0,2)-tensor on S'^ satisfying 

A52X-4x + /iX = 0, 

where x denotes the trace-free part of x o-f^d fi G (—00, 2) is a constant. 
Then x a constant multiple of gs2. 

Proof. The trace of x satisfies 

As2(trx) + /u(trx) = 0. 

Since /i < 2, we conclude that tr^ is constant. Moreover, the trace-free part 
of X satisfies 

A52X + (/i-4)x = 0. 

Since /i — 4 < 0, it follows that x = 0- Putting these facts together, the 
assertion follows. 
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